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Abstract. In this article we discuss the role of stability functions in geometric 
invariant theory and apply stability function techniques to various types of 
asymptotic problems in the Kahler geometry of GIT quotients. We discuss 
several particular classes of examples, namely, toric varieties, spherical varieties 
and the symplectic version of quiver varieties. 



1. Introduction 

Suppose {M,u!) is a pre-quantizable Kahler manifold, and (L, (•,•)) is a pre- 
quantization of {M,uj). Let V be the metric connection on L. Then the quanti- 
zability assumption is equivalent to the condition that the curvature form equals 
the negative of the Kahler form, 

(1.1) curviy) = —LO. 

For any positive integer k we will denote the k^^ tensor power of L by L'^. The 
Hermitian structure on L induces a Hermitian structure on L*^. Denote by Thoi{^^) 
the space of holomorphic sections of L'^. (If M is compact, Thoi{^^) is a finite 
dimensional space, whose dimension is given by the Riemann-Roch theorem, 

(1.2) dimr^<,,(L'^) = fc'^Vol(Af) + fc'^-i /" ci{M) Alo'^-^ + ■■■ . 

for k sufficiently large.) We equip this space with the norm induced by the 
Hermitian structure, 

^{si{x),S2{x))—. 

(In semi-classical analysis Thoii^'^) is the Hilbert space of quantum states associated 
to M, and k plays the role of the inverse of Planck's constant.) 

If one has a holomorphic action of a compact Lie group on M which lifts to L 
one gets from the data above a Hermitian line bundle on the geometric invariant 
theory (GIT) quotient of M. One of the purposes of this paper is to compare the 

norms of holomorphic sections of L with the norms of holomorphic sections 
of this quotient line bundle equipped with the quotient metric. More explicitly. 
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suppose G is a connected compact Lie group, g its Lie algebra, and r a holomorphic 
Hamiltonian action of G on M with a proper moment map <i>. Moreover, assume 
that there exists a Hfting, r'^, of r to L, which preserves the Hermitian inner 
product (•, •). If the G-action on <f>^^(0) is free, the quotient space 

Mred = $-^0)/G 

is a compact Kahler manifold. Moreover, the Hermitian line bundle (L, (•, •)) on M 
naturally descends to a Hermitian line bundle (L^ed, (•, ■)red) on Mred, and the cur- 
vature form of "hred is the reduced Kahler form —LOred, thus Lj-ed is a pre-quantum 
line bundle over Mred (cf. §2 for more details). From these line bundle identifica- 
tions one gets a natural map 

(1.4) Thol{l^'' f ^TuolilJ'red) 

and one can prove 

Theorem 1.1 (Quantization commutes with reduction for Kahler manifolds). Sup- 
pose that for some fco > the set T hoi(^'^" )'^ contains a nonzero element. Then the 
map Jj.^l ) is bijective for every k. 

The proof of this theorem in |GuS82j implicitly involves the notion of stability 
function and one of the goals of this article will be to make the role of this function 
in geometric invariant theory more explicit. To define this function let Gc be the 
complexification of G (See §2) and let Mst be the Gc flow-out of <i>~^(0). Modulo 
the assumptions in the theorem above M^t is a Zariski open subset of M, and if G 
acts freely on $~^(0) then Gc acts freely on Mst and 

Mred ^'^>-\0)/G^ Mst /Gc- 

Let TT be the projection of Mst onto Mred- The stability function associated to this 
data is a real-valued G°° map ip : Mst R with the defining property 

(1.5) {7r*s,T:*s) = e^7r*{s,s)red 

for one or, equivalently, all sections s of our line bundle l^red- This function can 
also be viewed as a relative potential function, relating the Kahler form uj on Mst 
to the Kahler form on Mred, i.e. ip satisfies 

(1.6) Ul — 7r*UJred = V—^dB^p. 

We will show that this function is proper, non-positive, and takes its maximum value 
precisely on <I>~^(0). We will also show that this property suffices to determine 
it in general by showing that on the gradient trajectory of any component of it 
satisfies a simple ODE. We will then go on to show how to exploit this fact in a 
number of concrete cases. 
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Another basic property of ip is that, for any point p E $^^(0), p is the only 
critical point of the restriction of ip to the "orbit" exp (\/— Ig) -p (Here exp (V^lfl) 
is the "imaginary" part of Gc-) Let dx be the (Riemannian) volume form on this 
orbit, which is induced by the restriction to exp (\/— Tg)-p of the Kahler- Riemannian 
metric on Mst- By applying the method of steepest descent, one gets an asymptotic 
expansion 

(1.7) / fe^Ux^f^y^^Ul + f^c^xA 

for A large, where / is a smooth function of compact support, m is the dimension of 
G, and Ci are constants depending on the Taylor expansion of / at p. (Throughout 
this paper we will fix the notations d = dime M, m = dimg G and n = d — m = 

dime Mred-) 

The asymptotic formula p.7p has many applications. First, if / is G-invariant, 
by integrating (|1.7[) over the G-orbit through p, we get 

(1.8) /"'"'^^y V{p)f{p)[l + 0{-)^ 

as A -^^ cxD, where Vij)) is the Riemannian volume of the G-orbit through p. Inte- 
grating this over M^ed thus gives, for any holomorphic section G ^^^/(Ljfg^), 

(1.9) h*suf ^\\V'/'s,\\l., + 0{\). 

For more detail, see sections i i4.1l - H4.3I below. This can be viewed as a "i-form 
correction" which makes the identification of r?io/(Ljed) ^'^^^ ^ hoiij-''')'^ an isometry 
modulo 0{^). (Compare with [HaKj . [EI] for similar results on i-form corrections). 

A second application of (|1.7p concerns the measures associated with holomorphic 
sections of L^^^: Let ji and jjLred be the symplectic volume forms on M and M^ed 
respectively. Given a sequence of "quantum states" 

Sk e TholiJ^ed) 

one can, by (|1.7p . relate the asymptotics of the measures 

(1.10) {Sk,Sk)lJ.red 

defined by these quantum states for appropriately chosen sequences of sj-'s to the 
asymptotics of the corresponding measures 

(1.11) (7r*Sfc,7r*Sfc)pi 

on M . In the special case where M is with the flat metric and Mred a toric variety 
with the quotient metric the asymptotics of (jl.lip can be computed explicitly by 
Mellin transform techniques (see |GuW| and | Wanj ) and from this computation 
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together with the identity (|1.7|) one gets an ahernative proof of the asymptotic 
properties of (|1.10p for toric varieties described in [BGUj . 
One can also regard the function 

(1.12) {sk,Sk) : Mred^R 

as a random variable and study the asymptotic properties of its probabiHty distri- 
bution, i.e., the measure 

(1-13) {Sk,Sk)*^ired, 

on the real line. These properties, however, can be read off from the asymptotic 
behavior of the moments of this measure, which are, by definition just the integrals 



(1.14) mred{l,Sk,fJ.red) ^ / {sk, Sk) dflred, l^l,2,--- 

and by (|1.7p the asymptotics of these integrals can be related to the asymptotics 
of the corresponding integrals on M viz 

(1.15) m{l,TT*Sk,n) ^ / (7r*Sfe,7r*Sfe)V • 

JM 

In the toric case Shiffman, Tate and Zelditch showed in |STZ| that if Sk hes in the 
weight space Thoii^'')'^'' , where ak = ka + 0{^), and v = {^*pUJFs)^ /nl is the pull- 
back of the Fubini-Study volume form on the projective space via the monomial 
embedding $p, then, if Sk has norm 1, 

^^-n(i-l)/2 ^ ^ 



(1.16) - mred{l,Sk,l' 



as k tends to infinity, c being a positive constant. From this they derived a "uni- 
versal distribution law" for such measures. We will give below a similar asymptotic 
result for the moments associated with another volume form, V fired, which can be 
derived from p.7p and an analogous, but somewhat simpler version of p.l6p for 
the moments ()1.15p upstairs on C^. 

Related to these results is another application of (II. 7^ : Let 

^jv :i'(L^,Ai)^r„o,(L^) 

be the orthogonal projection of the space of L^-sections of onto the space of 
holomorphic sections of and for / e C°° [M] let 

Mf : L2(L^,/i) ^ L2(L^,m) 

be the "multiplication by /" operator. If M is compact (which will be the case 
below with M replaced by Mred) then by contracting this operator to VtoiiJ^^) 
and taking its trace one gets a measure 

(1.17) fiN{f) = Tr(7rwM/7rw) 
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which one can also write (somewhat less intrinsically) as the "density of states" 

(1-18) ^lN = y^^{sN,i,SN,i)n, 

the sn/s being an orthonormal basis of r;io/(L^) inside L^{L^ , ji). By a theorem 
of Boutet de Monvel-Guillemin, fJ-N{f) has an asymptotic expansion, 

— C30 

(1-19) mif)- E «^(/)^' 

i=d~l 

as N — > oo. One of the main results of this paper is a G- invariant version of 
Boutet de Monvel-Guillemin's result. More precisely, if we let tt^ be the orthogonal 
projection 

7r«:i2(L^,^)^r„„z(]L^)'', 
then for any G-invariant function f on M we have the asymptotic expansion 

oo 

(1.20) ^l%{f)^TT{7T'^Mf7T%)^ ^^if)^' 

i—n— 1 

as iV ^ oo. Moreover, the identity (|1.7p enables one to read off this upstairs G- 
invariant expansion from the downstairs expansion and vice versa. Notice that for 
this G-invariant expansion, we don't have to require the upstairs manifold to be 
compact. For example, for toric varieties, the upstairs space, C'', is not compact, so 
the space of holomorphic sections is infinite dimensional, and Boutet-Guillemin's re- 
sult doesn't apply; however the G-invariant version of the upstairs asymptotics can, 
in this case, be computed directly by Mellin transform techniques i [GuW| . [Wan] ) 
together with an Euler-Maclaurin formula for convex lattice polytopes ( |GuS06| ) 
and hence one gets from (jl.7p an alternative proof of the asymptotic expansion of 
for toric varieties obtained in [BGUJ . 
As a last application of the techniques of this paper we discuss "Bohr-Sommerfeld" 
issues in the context of GIT theory. Let V red be the Kahlerian connection on L^ed 
with defining property, 

CUrv{\Ired) = -t^red- 

A Lagrangian submanifold K^ed C Mred is said to be Bohr-Sommerfeld if the 
connection l\ red is trivial. In this case there exists a covariant constant non- 
vanishing section, s_bs, of i\ J^^red- Viewing sbs as a "delta section" of L^ed and 
projecting it onto Thoi{^red), one gets a holomorphic section sa^^^ of L,.ed, and one 
would like to know 

(1) Is this section nonzero? 

(2) What, in fact, is this section? 
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(3) What about the sections s']^'^ ^ of Ljfg^^? Do they have interesting asymptotic 
properties as A: ^ oo? Do they, for instance, "concentrate" asymptotically 

on Ared? 

We will show that the "downstairs" versions of these questions on Mred can be 
translated into "upstairs" versions of these questions on M where they often become 
more accessible. 

The paper is organized into three parts. Part 1, §2-§5, focuses on the general 
theory of stability functions, part 2, §6-§8, on stability functions on toric varieties, 
and part 3, §9-§12, on stability functions on some non-toric varieties, especially 
spherical varieties and symplectic quiver varieties. 

More precisely, in §2 we start with some basic facts about Kahler reduction 
and geometric invariant theory and define the reduced line bundle L^ed- In §3 we 
prove a number of basic properties of the stability function, and in §4 we derive the 
asymptotic expansion (|1.7p . and use it to show that the map between Thoii^red) 
and Tfioii^'^)^ can be made into an asymptotic isometry by means of i-forms. 
Then in §5 we deduce from (|1.7p the results about density of states, probability 
distributions and Bohr-Sommerfeld sections which we described above. 

The second part of the paper begins in §6 with a review of the Delzant description 
of toric varieties as GIT quotients of and discuss some of its implications. In §7 
we derive an explicit formula, in terms of moment polytope data, for the stability 
function involved in this description and in §§8.1 and 8.2 specialize the results of §5 
to toric varieties and discuss their relation to the results of |BGU| alluded to above. 
In §8.3 we show that the standard (or "flat") reduced metrics are just one example 
of a large class of reduced metrics for which the results of §5 hold. In addition, 
we show that the stability function formula of §7 generalizes appropriately to these 
metrics. 

We make a few remarks here on the generality of the results described here for 
toric varieties. As already noted, [STZj contains very interesting results similar 
to those in this part of the paper, but for a wider class of metrics (the so-called 
Bergman metrics) than the metric obtained from Delzant's construction by re- 
duction (the flat reduced metric). In fact, in jSoZj the key step of analyzing the 
L^-norms of holomorphic sections of is carried out for arbitrary toric Kahler 
metrics. Since the thrust of [SoZj was directed towards Donaldson's program on 
special Kahler metrics, this result was not applied at that time to the problems 
described here, though it clearly could be. The calculations sketched in §8.3 show 
that the reduction methods used here in full only for the flat reduced metric can 
be extended to the general toric Kahler metric on the open Gc orbit. We leave to 
a later day analyzing the "boundary condition! 
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s" along the lower dimensional Gc strata and reconciling the methods presented 
here with those of [STZj and |SoZj in the general case on a projective toric variety. 

Finally in the last part of this paper we take a tentative first step toward general- 
izing the results of §6-§8 to some non-abelian analogues of toric varieties: spherical 
varieties and symplectic quiver varieties. The simplest examples of spherical va- 
rieties are the coadjoint orbits oiU{n) viewed asU{n— l)-manifolds. Following 
Shaun Martin, we will show how these varieties can be obtained by symplectic 
reduction from a linear action of a compact Lie group on C^, and, as above for 
toric varieties, compute their stability functions. In §11, following Joel Kamnitzcr 
[Kamj we show how Martin's description of Z^(n)-coadjoint orbits extends to quiver 
varieties, and for some special classes of quiver varieties (e.g. the polygon spaces of 
Kapovich-Millson [KaMj ) show that there are stability function formulae similar to 
those for coadjoint orbits. For spherical varieties in general the question still seems 
to be open as to whether they have "nice" descriptions as GIT quotients analogous 
to the Delzant description of toric varieties. 

Acknowledgement. The authors are very grateful to the referee for his helpful 
comments and for a suggested reference. 

2. KAHLER REDUCTION VS GEOMETRIC INVARIANT THEORY 

2.1. Kahler reduction. Suppose (M, w) is a symplectic manifold, G a connected 
compact Lie group acting in a Hamiltonian fashion on M, and $ : M ^ g* a 
moment map, i.e., $ is equivariant with respect to the given G-action on M and 
the coadjoint G-action on g*, with the defining property 

(2.1) d{^,v) ^ L^^,u, weg, 

where vm is the vector field on M generated by the one-parameter subgroup 
{exp(— tu) I i € R} of G. Furthermore we assume that $ is proper, is a regular 
value and that G acts freely on the zero level set $~^(0). Then by the Marsden- 
Weinstein theorem, the quotient space 

is a connected compact symplectic manifold with symplectic form LOred satisfying 

(2.2) ClO — TlQlVred, 

where l : $^^(0) ^ M is the inclusion map, and ttq : $^^(0) Mred the quotient 
map. Moreover, if lo is integral, so is tOred] and if (M, lu) is Kahler with holomorphic 
G-action, then Mred is a compact Kahler manifold and LOred is a Kahler form. 
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2.2. GIT quotients. The Kahler quotient Mred also has the following GIT de- 
scription: 

Let Gc be the coniplexification of G, i.e., Gc is the unique connected complex 
Lie group with Lie algebra gc = ffi V—Tfl which contains G as its maximal com- 
pact subgroup. We will assume that the action of G on M extends canonically 
to a holomorphic action of Gc on M (This will automatically be the case if M is 
compact). The infinitesimal action of Gc on M is given by 

(2.3) wm = Jvm 

for V € g,w = \/—lv, where J is the automorphism of TM defining the complex 
structure. 

The set of stable points, Mgt, of AI (with respect to this Gc action) is defined 
to be the Gc-flow out of $-^(0): 

(2.4) M,t = Gc-$"'(0). 

This is an open subset of M on which Gc acts freely, and each Gc-orbit in Mst 
intersects $~^(0) in precisely one G-orbit, c.f. (GuS82] . Moreover, for any G- 
invariant holomorphic section Sk of L*^, Mgt contains all p with Sk{p) ^ 0. (For 
a proof, see the arguments at the end of §3.2). In addition, if M is compact 
M — Mst is just the common zero sets of these s^s. Since Mgt is a principal Gc 
bundle over M^ed, tbe Gc action on Algt is proper. The quotient space Mst/Gc 
has the structure of a complex manifold. Moreover, since each Gc-orbit in Mst 
intersects $~^(0) in precisely one G-orbit, this GIT quotient space coincides with 
the symplectic quotient: 

Mred = Mst/Gc- 

In other words, Mred is a Kahler manifold with tOred its Kahler form, and the 
projection map n : Mst — *■ Mred is holomorphic. 

2.3. Reduction at the quantum level. Suppose (L, (•,•)) is a pre-quantum line 
bundle over M. There is a unique holomorphic connection V on L, (called the 
metric connection), which is compatible with the Hermitian inner product on L, 
i.e., satisfies the compatibility condition for every locally nonvanishing holomorphic 

section s : U ^ h, 

(2.5) — =aiog(.s,s) G r!i'0([/). 

s 

The pre-quantization condition amounts to requiring that the curvature form of the 
connection V is — w, i.e., 



(2.6) 



curviy) := — \/— 199 log (s, s) = —lu. 
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To define reduction on the quantum level, we assume that the G action on M can 
be lifted to an action r"^ of G on L by holomorphic line bundle automorphisms. By 
averaging, we may assume that r'^ preserves the metric (•, •), and thus preserves 
the connection V and the curvature form oj. By Kostant's formula ( [Kosj ) . the 
infinitesimal action of g on sections of L is 

(2.7) L.„s = V„,,s- V^($,'y)s 

for all smooth sections s E r(L) and all v E g. Since G acts freely on $^^(0), the 
lifted action t"^ is free on t*L. The quotient 

^red — i^^/G 

is now a holomorphic line bundle over Mred- 

On the other hand, by |GuS82] , the lifted action can be extended canonically 
to an action r^" of Gc on L. Denote by hgt the restriction of L to the open set 
Mst, then Gc acts freely on L^f, and we get the GIT description of the quotient 
line bundle, 

hred = ^st/Gc- 

On Lred there is a naturally defined Hermitian structure, (•, ■)red, defined by 

(2.8) 7ro(s,s)red = '-*(7r*s,7r*s) 

for all s e r(Lred)- Moreover, the induced curvature form of L^ed is the reduced 
Kahler form uJred- In other words, the quotient line bundle {l^red, ■)red) is a 
pre-quantum line bundle over the quotient space {Mred,^red)- 

3. The stability function 

3.1. Definition of the stability function. The stability function i/j : Mst ^ K 
is defined to satisfy 

(3.1) {-K*S,^*S) ^e'^TT*{s,s)red . 

More precisely, suppose U is an open subset in Mat and s : [/ — > L^ed a non- 
vanishing section, then ijj restricted to ti~^{U) is defined to be 

(3.2) V = log (7r*S, H*s) - TT* log (s, s)red ■ 

Obviously this definition is independent of the choice of s. 

It is easy to see from the definition that tp is a, G-invariant function on Mst which 
vanishes on $^-^(0), and by (2.6), 

(3.3) UJ ~ TT*UJred + V— 1 Bdlp- 

Thus ip can be thought of as a potential function for the restriction of uj to Mgt 

relative to uJred- 
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Remark 3.1. From the definition it is also easy to see that the stability function 
depends on the metric on the line bundle. One such dependence that is crucial 
in the whole paper is the following: If L is the trivial line bundle over C with 
the Bargmann metric and ^ the stability function for some Kahler quotient of C 
associated with L, then is still the trivial line bundle over C but with a slightly 
different metric, i.e. the TV*'' tensor of the Bargmann metric, and the corresponding 
stability function becomes Nijj. 

Remark 3.2. (Reduction by stages) Let G = Gi x G2 be a product of compact 
Lie groups Gi and G2. Then by reduction in stages Mred can be identified with 
(-^red)'^'' where M^H is the reduction of M with respect to Gi and (M^^)*-^^ t^ie 
reduction of M^^^ with respect to G2. Let and be the set of stable points 
in M with respect to the G-action and Gi-action respectively, and (-^fred)st^ ^"^^ 
of stable points in M^l^ with respect to the G2-action. Denote by tti the projection 
of M,t onto mIH. We claim that M^J C M^^^ and n:[\{Mlll)%^) = M^^. The first 
of these assertions is obvious and the second assertion follows from the identification 

^I'mlll)':^ = ^r'((G2)c^2"^(o)) 

= (Gi)c(7rrH(G2)cl'2"\o)) n a>r^(o)) 
= (Gi)c(G2)c(^r'(^2"\o)) n a>r\o)) 
= Gc($2"^(o)n$-i(o)) 

= Gc$-^(0). 

Thus ip — i/^i + Trltp2, where ip is the stability function associated with reduction of 
M by G, t/ji the stability function associated with reduction of M by Gi, and 1^2 
the stability function associated with the reduction of M^^^ by G2. 

Remark 3.3. (Action on product manifolds) As in the previous remark let G = 
Gi X G2. Let Mi, i — 1,2, be Kahlerian Gi manifolds and Lj pre-quantum line 
bundles over Mi, satisfying the assumptions in the previous sections. Denote by ^pi 
the stability function on Mi associated to L^. Letting G be the product Gi x G2 
the stability function on the G-manifold Mi x M2 associated with the product line 
bundle pr^Li (g) pr2L2 is prj-0i + pT2ip2- 

3.2. Two useful lemmas. Recall that by (|2.3p . the vector field wm for the "imag- 
inary vector" w = \/— Iw G \/— Ig is wm = Jvm- 

Lemma 3.4 ( [GuS82| ). Suppose w = \/—lv E \/—lg, then wm is the gradient 
vector field of ($, v) with respect to the Kahler metric g. 
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Proof. 

d{^,v) = L^j^jUJ = UJ{-JWM, •) = Jwm) = ff(wM, •)• 

□ 

Lemma 3.5. Suppose w ~ \/—lv £ Ig, then for any nonvanishing G-invariant 
holomorphic section s G r/io;(L)'^, 

(3.4) i^„log(s,s) =-2($,i;). 
Proof. Since 

vm + V~iwM is a complex vector field of type (0,1). Since s is holomorphic, the 
covariant derivative 

(3.5) V„j^,s = -V^V^,j^jS. 
Since s is G-invariant, by Kostant's identity (|2.7p . 

(3.6) = L„5 = V„^,S-\/^($,w)S. 
Thus 

^wmS = -{<^,v)S. 

By metric compatibility, we have for any G-invariant holomorphic section s 

Ly,^, log(S,S) = -2($,t>). 

□ 

In particular suppose M is compact, let s be a G-invariant holomorphic section 
of L and p a point where s(p) ^ 0. The function 

(s, s) : ^ M 

takes its maximum at some point q and since Gc • p is Gc-invariant and 

{s,s){q) > {S,S){p)>0 

it follows from p.4p that <i>(q) = 0, i.e. q G A^st- But Af^j is open and Gc- 
invariant. Hence p £ Mst- Thus we've proved that if p G M — Mgt, then s{p) = 
for aU s e Thoiil^f. 

3.3. Analytic properties of the stability function. 

Proposition 3.6. Suppose w = \/—lv e \^—lg, then L^m^^ — ~2($,i;). 

Proof. Suppose s is any holomorphic section of the reduced bundle L^ed- Since 
TT* log(s, s)red is Gc-invariaut, we have from (|3.2p . 

= L„j^, log(7r*s,7r*s). 

Now apply lemma [3751 to the G-invariant section tt*s. □ 
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The main result of this section is 

Theorem 3.7. ip is a proper function which takes its maximum value on 
Moreover, for any p G $~^(0), the restriction of ^ to the orbit exp ^/—1q ■ p has 
only one critical point, namely p itself, and this critical point is a global maximum. 

Proof. As before we take w = \/—lv G V^lfl- Since Gc acts freely on Mgt, we 
have a diffcomorphism 

(3.7) K : $"i(0) X Mst, {p,w) ^-^ Tc(expw)p. 
We define two functions 

(3.8) ipo{p,w,t) = {K*tp)(p,tw) 
and 

(3.9) MP,^i},t) = {fi*'^iP,tw),v). 

Then proposition 13.61 leads to the following differential equation 

(3.10) j^ijo = -200, 
with initial conditions 

(3.11) Mp,w,0) = 
and 

(3.12) Mp,w,0)^0. 

Since wm is the gradient vector field of {^,v), and t i— > K{p,tw) is an integral 
curve of wm, we see that (po is a strictly increasing function of t. Thus ipo is strictly 
increasing for t < 0, strictly decreasing for t > 0, and takes its maximal value at 
t — 0. This shows that p is the only critical point in the orbit Tg • p. 

The fact ip is proper also follows from the differential equation (|3.10p . since for 
any to > we have 

MP,w,t) <Co-2(t-to)Ci, t>to 

where 



and 



Co — max V'o(p, t^) < 



Ci = min (j>o{p,w,to) > 0. 
1^1=1 



□ 
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Remark 3.8. The proof above also gives us an alternate way to compute the stability 
function, namely we "only" need to solve the differential equation (|3.10p along 
each orbit exp(V~l0) 'P with initial condition p. lip . (Of course a much more 
complicated step is to write down explicitly the decomposition of M^t as a product 
$-1(0) X y^g.) 

Corollary 3.9. For any s G Thoii^red) , the norm (7r*s, n* s){p) is bounded on Mst, 
and tends to as p goes to the boundary of Mst ■ 

3.4. Quantization commutes with reduction. As we have mentioned in the 
introduction, the properties of the stability function described above were implicitly 
involved in the proof of the "quantization commutes with reduction" theorem in 
|GuS82| . We end this section by briefly describing this proof. Assume M compact. 
Then using elliptic operator techniques one can prove that there exists a non- 
vanishing Gc-invariant holomorphic section s of L'^' for k large. But Mst contains all 
points p with s{p) 7^ 0. So the complement of Mst is contained in a codimension one 
complex subvariety of M. By the corollary above, we see that for any holomorphic 
section s of l^red, 7r*s can be extended to a holomorphic section of L by setting 
7r*s = on M — Mst- This gives the required bijection. For details, c.f. [GuS82| . 

4. Asymptotic properties of the stability function 

4.1. The basic asymptotics. ^'^From the previous section we have seen that the 
stability function takes its global maximum exactly at <i>^i(0). Thus as A tends 
to infinity, e^"^ tends to exponentially fast off $-^(0). So in principle, only a very 
small neighborhood of $-^(0) will contribute to the asymptotics of the integral 

for / a bounded function in C°°{Mst)'^ and for A large. In this section we will 
derive an asymptotic expansion in A for this integral, beginning with (|1.7p . We 
first note that, for proving asymptotic formulas in A for the integral (|4.ip . one can 
without loss of generality assume that / in ()4.ip is of compact support. This is 
because, if fe^'^ G L^{Mst,uj'^ /dl), for A > Aq, then 

(4.2) [ fe^'f'dx^ [ fe^'^dx^ [ fe^'^'dx 

where we have abbreviated uj'^ /d\ — dx, the Riemannian volume form on Mgt, and 
c < is any constant. The first integral on the right in (14. 2p is compactly supported, 
while the second integral is readily bounded: 

(4.3) / fe^'^dx <Ce-''^. 

J{i><c} 
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The proof of ()1.7|) is based on the following method of steepest descent: Let X 
be an m-dimensional Riemannian manifold with volume form dx, ip : X —t a. 
real- valued smooth function which has a unique maximum il>{p) — Q aX a. point p, 
and is bounded away from zero outside a compact set. Suppose moreover that p is 
a nondegenerate critical point of -0. If / € C°°{X) is compactly supported, then 

« oo 

(4.4) / /(a;)e^'^(^)da; ~ ^CfcA-'?-^ as A ^ oo 
''^ fc=o 

where the c^'s are constants. Moreover, 

(4.5) CO = (2^)'"/Vp/(p), 
where 

(detd2^p(e„ej))^/2 



(4.6) 



r. 



.-1 

p 

' ■ • • • J "in ; 



|dxp(ei, • • • ,e 

for any basis ei, • • • , of TpM. 

^From this general result we obtain: 

Theorem 4.1. Let dx he the Riemannian volume form on exp (\/— Ig) • p induced 
by the restriction to exp (-y/— Ig) o/ </ie Kdhler- Riemannian metric on Mst, where 
p is any point in $^^(0). Let f be a smooth function on M, compactly supported 
in Mst ■ Then for A large, 

(4.7) / f{x)e'^^^'>dx^(-) (/(p)+f;c.A-M , 

where Ci are constants depending on f,ip and p. 

Proof. We need to compute the Hessian of ip restricted to exp (V— Ig) • P at the 
point p. By proposition 13.61 

d{dip{wM)) = d{L^^,^) = -2d($,w) = -2w(uM,-), 

so 

d^'4)p{wM,w'M) = -2ujp{vm,w'm) = -2gp{vM,v\^) = -2gp{wM,w'j^.[). 
This imphes Tp = 2-™/2. □ 

4.2. Asymptotics on submanifolds of Mgt- ^From (|4.7p we obtain asymptotic 
formulas similar to (14. 7|) for submanifolds of Mst which are foliated by the sets 
exp (V~l0) ■ P- For example, by the Cartan decomposition 

Gc = G X exp (v^fl) 

one gets a splitting 

Gc-p = G X exp (\/^0) • p. 
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Moreover, this is an orthogonal sphtting on $ ^(0). Thus if we write 

— -{x) — g(x)dv A dx, 
to! 

where dv is the Riemannian volume form on the G-orbit G-p, defined by the Kahler- 
Riemannian metric, we see that g{x) is G-invariant and g{p) = 1 on $^^(0). Thus 
if we apply theorem 14. II to a G-invariant / we get 

Corollary 4.2. As \ ^ oo, 

(4.8) / - /(P) + Ec«(^')^"1 ' 



where V{p) — Vol{G ■ p) is the Riemannian volume of the G orbit through p. 



Similarly the diffeomorphism (j3.7[) gives a splitting of Mst into the imaginary 
orbits exp (\/— Ig) • p, and by the same argument one gets 

Corollary 4.3. If e^"*' G L^{Mst-,dx), then as oo, 

(4.9) ^ e^^dx^ Vol{^-\0))(^^^ ' |^l + £aA-'^ . 

4.3. The half form correction. Now we apply corollary 221 to prove ([T3]). Since 
Mred = Mst/Gc, wc havc a decomposition of the volume form 

i.d n 

(4.10) ^^*^AdAi., 

a! n\ 

where 

dii^{x) = h{x) — -, 
to! 

with h{p) = 1 on $^^(0). Now suppose Sk £ ^hoii^red)' again, that e^"^ G 
L^{Mst,dx). Since the stability function of Lj:^^ is k-ip, (|1.5p becomes 



(7r*Sfc,7r*Sfe) = e'"^7r*(sfc,Sfe)red- 



By (113), 



= / (/ e^'-'^d/., ) (sfc,Sfe),ed^ 

-m/2 



/ T \ —raj A p „ 

(i + 0(fc-i)) / y(^-i(q))(.,,.,),,,^^^. 



In other words, 

m/2 



(4.11) (^-j lk*.sfe|p = ||yi/2sfc||2^, + o(-), 

where F is the volume function V{q) = V"(7rQ"^(g)). 
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The presence of the factor V can be viewed as a "-i-form correction" in the 
Kostant-Souriau version of geometric quantization. Namely, let K = /\'^{T^-^M)* 
and Kred = t\^{T^'^Mred)* be the canonical line bundles on M and Mred and let 
<C 3> and <C S>red be the Hermitian inner products on these bundles, then 

and 

So if and KjJ^^ are "i-form" bundles on M and Mred (i-e., the square roots of 
IK and Kred), then one has a map 

which is an isometry modulo an error term of order 0{k^^). (See |HaKj and [O] 
for more details.) 

5. Applications to spectral problems on Kahler quotients 

5.1. MEiximum points of quantum states. Suppose M is a Kahler manifold 
with quantum line bundle L, and s G r^o/(L) is a quantum state. The "invariance of 
polarization" conjecture of Kostant-Souriau is closely connected with the question: 
where does the function (s, s) take its maximum? If C is the set where (s, s) takes 
its maximum, what can one say about C? What is the asymptotic behavior of the 
function (s, s)'' in a neighborhood of C? 

To address these questions we begin by recalling the following results: 

Proposition 5.1. If C above is a submanifold of M , then 

(a) C is an isotropic submanifold of M ; 

(b) LqS is a non-vanishing covariant constant section of i^L; 

(c) Moreover if M is a Kahler G-manifold and s is in Thoi{^)'^ then C is contained 
in the zero level set of^. 

Proof, (a) Let a = \/ —\d log(s, s). Then a; = da and ap = for every p S C, so 

L*(jLO — 0. 

(b) By ([23]), Vs = on C. 

(c) By (EH), 

along C, therefore since s is non-zero on C, ($, t;) = on C. □ 

We will call a submanifold C of M for which the line bundle t^L admits a 
nonzero covariant constant section a Bohr-Sommerfeld set. Notice that if sq is a 
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section of iJ^L which is non-vanishing, then 



So 



so if s is covariant constant then C has to be isotropic. The most interesting Bohr- 
Sommerfeld sets are those which are maximally isotropic, i.e., Lagrangian, and the 
term "Bohr-Sommerfeld" is usually reserved for these Lagrangian submanifolds . 

A basic problem in Bohr-Sommerfeld theory is obtaining converse results to the 
proposition above. Given a Bohr-Sommerfeld set, C, does there exist a holomorphic 
section, s, of L taking its maximum on C, i.e., for which the measure 

(5.1) {s\s') 

l^Liouville 

becomes more and more concentrated on C as A; ^ cxi. As we pointed out in the 
introduction this problem is often intractable, however if we are in the setting of 
GIT theory with M replaced by Mredi then the downstairs version of this question 
can be translated into the upstairs version of this question which is often easier. In 
§5.2 we will discuss the behavior of measures of type (|5.ip in general and then in 
§5.5 discuss this Bohr-Sommerfeld problem. 

5.2. Asymptotics of the measures (1.10). We will now apply stability theory 
to the measure (|1.10p on Mred- For / an integrable function on Mred, consider the 
asymptotic behavior of the integral 



with Sfc £ ^hoii^red) ^^'^ ^ ~^ natural to compare (|5.2p with the upstairs 

integral 



However, since Mst is noncompact, the integral above may not converge in gen- 
eral. To eliminate the possible convergence issues, we multiply the integrand by a 
cutoff function, i.e., a compactly supported function x which is identically 1 on a 
neighborhood of (f>^^(0). In other words, we consider the integral 



(5.2) 




(5.3) 




(5.4) 




Obviously, different choices of the cutoff function will not affect the asymptotic 
behavior of (|5.4p . 
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Using the decomposition (j4.10p we get 

M,, dl Jm,,, \Jgc p J n\ 

Vf{sk.,Sk)dHred, 

where V{q) V{TT^^{q)) is the volume function. We conclude 
Proposition 5.2. As k ^ oo we have 

where f = tt* f,V ~ tt*V and x is any cutoff function near $~^(0). 
Similarly if we apply the same arguments to the density of states 

(5.5) llN = y^(gAf,^, SN,i)lJ.red, 

i 

where {sN,i\ is an orthonormal basis of L^^, we get 
Proposition 5.3. As N ~* oo, 

(5.6) / fm ^ (-)-™/2 / xfV-'fi%, 

where /i^ = '^(T^*SN.i,T^*SN,i)fJ' is the upstairs G-invariant measure lil.20\} . 

i 

5.3. Asymptotics of the moments. We next describe the role of "upstairs" ver- 
sus "downstairs" in describing the asymptotic behavior of the distribution function 

(5.7) afc([t,c5o)) = Vol{z | {sk, Sk){z) > t}, 

for Sk e ThoiO^red)^ i'^-i ^f thc push-forward measure, {sk, Sfc)*/^, on the real line R. 
The moments (|1.14p completely determine this measure, and by theorem 14.11 the 
moments (|1.14p on Mred are closely related to the corresponding moments (|1.15p 
on M. In fact, by corollarv 14.21 and the decomposition (|4.10p . 

(7r*Sfe,7r*s,)V= / (^*(sfe,Sfc))'e"=^7r*i^A/i(x) — 

— / [Sk, Sk) V fired- 

We conclude 

Proposition 5.4. For any integer I, the l*^ moments Hl.lS]) satisfy 

(5.8) m{l,7r*Sk,tl-) ^ {—] rUredif, Sk,V fired) ■ 

as k oo. 
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5.4. Asymptotic expansion of the G-invariant density of states. For the 
measure (jl.l7p . Boutet-Guillemin showed that it admits an asymptotic expansion 
(ll.igp in inverse power of as ^ oo if the manifold is compact (See the ap- 
pendix for a proof of this result). By applying stability theory above, we get from 
the Boutet-Guillemin's expansion for the downstairs manifold a similar asymptotic 
expansion upstairs for the G-invariant density of states without assuming M to be 
compact. Namely, since Mred is compact, Boutet-Guillemin's theorem gives one an 
asymptotic expansion 

— oo 
i—n—1 

and for tt^ : L^(L^,/i) ThoiiJ^^)'^ the orthogonal projection onto G-invariant 
holomorphic sections, we will deduce from this: 

Theorem 5.5. For any compactly supported G-invariant function f on M , 

— oo 

(5.9) Tiin^MfTT^) ^ «?(/)^^ 

i—n—1 

as N ^ oo, and the coefficients af can he computed explicitly from a"'^. In par- 
ticular, the leading coefficient a^_i(/) = a^n-iifoy), where fo{p) = fiT^o^ip))- 

Proof. Let {snj} be an orthonormal basis of T hoii^^ed) with respect to the volume 
form Vjired, then {Tr*SM,j} is an orthogonal basis of Thoi{^^)'^ , and 

Tr(.,M,.,) = j^^ ^ ||.*.,,||2 

where, by the same argument as in the proof of (|4.1ip . we have 

1 + ^G,7V-M , 



which implies 



1 fN 



Moreover, it is easy to see that 



I y^{sN,j,SN,j)Vfoilred = Mw''(/oV"). 



20 



DANIEL BURNS, VICTOR GUILLEMIN, AND ZUOQIN WANG 



Now the theorem follows from straightforward computations 
~ g af(/)iV\ 

i— n— 1 

where we used the fact that since / is G-invariant, so is Ci{f,p). This proves (|5.9p . 
Moreover, since c_,n/2{f,p) ~ fip)/'^"^^^, we see that 

a^-i(/)=<-i(/o^), 
completing the proof. □ 

5.5. Bohr-Sommerfeld Lagrangians. We assume we are in the same setting 
as before, and denote by Vred the metric connection on hred- Suppose Ared is a 
Bohr-Sommerfeld Lagrangian submanifold of Mred, and Sbs is a covariant constant 
section, i.e., 

(5.10) SbS ■ Ked '-A.ed^'-ed, {''X^.a^ red)sBS = 0, 

where tA^^d : Ared — > Mred is the inclusion map. Let A = ii^^{Ared), then A C 
$~^(0) is a G-invariant Lagrangian submanifold of M . Since 

(5.11) T^Q^redSBS = ^-V^T^qSbS, 

we see that ttqSbs is a covariant constant section on A. In other words, A is a 
Bohr-Sommerfeld Lagrangian submanifold of M . Conversely, if A is a G-invariant 
Bohr-Sommerfeld Lagrangian submanifold of M, then Kred = 7ro(A) is a Bohr- 
Sommerfeld Lagrangian submanifold of Mred- 

Fixing a volume form /iA on A, the pair (Ared, sbs) defines a functional I on the 
space of holomorphic sections by 



; : r,ioi(L.red) ^ C, I {l*A^^^S,SBs)fJ'A^,i- 
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This in turn defines a global holomorphic section SA,.^d G Thoii^red) by duality. In 
other words, s\^^^ is the holomorphic section on Mred with the defining property 

(5-12) / (s,SA„jMred = / ('-A,,^ S, Si3s)MA„d 

for all s G Tfioi(hred)- A fundamental problem in Bohr-Sommerfcld theory is to 
know whether the section sa^^^ vanishes identically; and if not, to what extent sa^^^ 
is "concentrated" on the set Ared- One can also ask this question for the analogous 
section of l^^ed ■ 

We apply the upstairs-vs-downstairs philosophy to these problems. For the up- 
stairs Bohr-Sommerfeld Lagrangian pair (A, 535), 5^5 — ttqSbs, as above one can 
associate with it a functional I on Thoi{^)'^, which by duality defines a global G- 
invariant section sa G r^o/(L)'-^. Obviously I if and only if I is nonzero on 
r/io;(IL')'^. However, since sbs is a G-invariant section, 

{s,SBs) = (s'^,SBs), 

where s*^ is the orthogonal projection of s G r/io/(L) onto r;io/(L)'^. Thus / is 
nonzero on Tfioi{Li)'~^ if and only if it is nonzero on Tiioii^:)- Thus we proved 

Proposition 5.6. sa^^^ 7^ */ '"^'^ on/y if Sa 7^ 0. 

A natural question to ask is whether sa^^^ coincides with sa on M^t, or alter- 
natively, whether T^^SA^d — '*Sa on $~^(0). In view of the ^-form correction, we 
will modify the definition of the downstairs section sa^^^ to be 



(5-13) / (s,SA„J^Aired = / (4,,^ SSs) l^MA,,^ , 

for s, SAred £ r/to/(lLred)- The upstairs version of this is 

(5.14) / {s,SA)fJ-= {i*AS,TToSBs)fJ-A 

JM.t "'A 

for s = 7r*s. Since A = nQ^{Ared), the right hand sides of (|5.13|) and (|5.14p coincide. 
Thus 



(5.15) / (7r*S,SA)A* / (S, SA„d)V^Mred 

for aU s G T holier ed)- 

Now we assume Sk G Thoii^red)' ^bs being the fc*^ tensor power of 5^5, and 
let ^ and s^*^-* be the corresponding holomorphic sections. Then equation (|5.15[) 
now reads 

(5.16) / {TT*Sk,S^A^)pL = / {sk,S'll^^)VHred 
-I Mst JMr-^d 
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for all Sfc G Thoi i^red) (However, the sections s'"^^ and s^*"' are no longer the fc*'* 
tensor powers of s\ and sa,,^^ above). Notice that we can choose the two sections in 
p.ip to be different nonvanishing sections and still get the same stability function 
ip. Thus applying stability theory, one has 

for all Sfc as fc — > oo. This together with (|5.16|) implies that asymptotically 



6. TORIC VARIETIES 

6.1. The Delzant construction. Let L = x C be the trivial line bundle over 
equipped with the Hermitian inner product 

(6.1) (l,l) = e-l^l^ 

where 1 : ^ L, z i-^ (z, 1) is the standard trivialization of L. The line bundle L 
is the pre-quantum line bundle for C'', since 

curv{V) = -7^95 log (1, 1) = y^^dz Adz = -uj. 

Let K = {S^Y be the c?-torus, which acts on by the diagonal action, 
r(e'*\--- ,e^*'')-(zi,... ,z<i) = (e**izi,... ,e'*''zrf). 
This is a Hamiltonian action with moment map 



(6.2) ^{z) = yM'e. 



=1 



where e^, • • • , is the standard basis of t* = M''. 

Now suppose G C is an m-dimensional sub-torus of i^T, g = Lie(G') its Lie 
algebra, and Zq C g* the weight lattice. Then the restriction of the ii'-action to G 
is still Hamiltonian, with moment map 



(6.3) $(2)=Lo0(z)=^|z,| 



where ~ L{e*) G Zq, and i : t* ^ g* is the transpose of the inclusion g ^ 

We assume that the moment map $ is proper, or alternatively, that the a^'s are 
polarized: there exists v G q such that ai{v) > for all 1 < i < d. Let a G 
be fixed, with the property that G acts freely on $^^(a). Then the symplectic 
quotient at level a, 

M„ = $-i(a)/G, 
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is a symplectic toric manifold; and by Delzant's theorem, all toric manifolds arise 
this way. 

The Hamiltonian action of K on C'' induces a Hamiltonian action of K on M^, 
with moment map defined by 

(6.4) (/lO = $Q OTTa, 

where ia ■ $~^(a) ^ is the inclusion map, and tt^ : $^^(q;) — > Ma the 
projection map. The moment polytope of this Hamiltonian action on Ma is 

(6.5) A„ = L-^{a)nR'l = {t e M'' | t, > 0, ^t.ai = a}. 

If we replace L by L*^, i.e. the trivial line bundle over with Hermitian inner 
product (l,l)fc = e^*=l^l ^ then everything proceeds as above, and the moment 
polytope is changed to kAa = Aka- 

6.2. Line bundles over toric varieties. As we showed in §2, Ma also admits 
the following GIT description, 

Ma = Ci{a)/Gc, 

where Gc — (C*)" is the complexification of G, and Cfj(Q!) is the Gc flow-out of 
<i>^^(a). This flow-out is easily seen to be identical with the set 

(6.6) Ci{a)^{zeC'' 
where 

h = {i\z,^ 0} 

and 

={It\te Aa}. 

Now let G act on the line bundle L by acting on the trivial section, 1, of L, by 
weight a. (In Kostant's formula (|2.7p this has the effect of shifting the moment 
map $ by a, so that the new moment map becomes $ — a and the a level set of 
$ becomes the zero level set of $ — a) . This action extends to an action of Gc on 
L which acts on the trivial section 1 by the complexification, ac, of the weight a 
and we can form the quotient line bundle, 

]La = L*ah/G = Ut{a)/Gc, 

where L^f (a) is the restriction of L to Cf j (a) . 

The holomorphic sections of are closely related to monomials in C^. In fact, 
since L is the trivial line bundle, the monomials 

m _ mi JTid 
Z — 
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are holomorphic sections of L, and by Kostant's formula, z™ is a G-invariant section 
of L (with respect to the moment map if and only if 

r#(expw)*z" = e^^C^)^™ 

for all f e 0; in other words, if and only if m is an integer point in A^. So we 
obtain 

(6.7) r,,o,(L)'^ = span{z" | m e A„ n Z'^}. 
In view of (|6.6p . Cfj(a) is Zariski open, so the GIT mapping 

7 : Thoiil^ f ^ r,,„z(L„) 
is bijective, although is noncompact. As a result, the sections 

(6.8) s„=7(z™), meA„nZ''. 

give a basis of ThoiQ^a)- 

To compute the norm of these sections s™, we introduce the following notation. 
Let j : Aq, ^ R^J. be the inclusion map, and ti the standard coordinate functions 
of M''. Then the lattice distance of a; e Aq, to the i*^ facet of Aq, is li{x) = j*ti{x). 
On (E>^^(a) one has 

= |z™i|2...|^™^|2e-l^l', 

which implies 

(6.9) (s™,s™)q = ($„)* (rr-.-Z^e-') , 

where / = + • • • + /d. As a corollary, we see that the stability function on Cf^ (a) 
is 

(6.10) ^{z) = -\z\^ + \og\z"'\'' - 7T*<i>*^{Y^m,\ogk ~ I). 

Finally by the Duistermaat-Heckman theorem the push-forward of the symplectic 
measure on Ma by is the Lebesgue measure da on Aq , so the norm of Sm is 

(6.11) {sm,s^)L2 = [ l^'-.-q^e-'da. 

For toric varieties, the "Bohr-Sommcrfeld" issues that we discussed in §5.1 
are easily dealt with: Let s be the G-invariant section, z™^ • • • z™'' , of L, with 
(rni,-- - , m^) G A^. Then (s, s) take its maximum on the set $^^(mi,--- ,TOd), 
and if (wi, • • • ,TOd) is in the interior of Aq, this set is a Lagrangian torus: an 
orbit of T''. Moreover, if s is the section of Lq corresponding to s, (s, s) takes 
its maximum on the projection of this orbit in Mq, which is also a Lagrangian 
submanifold. 
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6.3. Canonical affines. We end this section by briefly describing a covering by 
natural coordinate charts on Ma - the canonical affines. (For more details c.f. 
[DuPp . Let w be a vertex of A. Since A is a Delzant polytope, = n and 
{ai I i € It,} is a lattice basis of Z^. Denote by 

(6.12) A„ = {i e A I D 4}, 

the open subset in Aq, obtained by deleting all facets which don't contain v and let 

Z„ = $-i(A„). 

Definition 6.1. The canonical affines in are the open subsets 

(6.13) U„ = Z„/G. 

Since {ai \ i G /„} is a lattice basis, for j ^ we have aj = ^ Cj^iai, where cj^i 
are integers. Suppose a — '^ ciiai, then Zy is defined by the equations 

(6.14) l^ip = aj - ^ Cj,i|zjp, i & Iv 

and the resulting inequalities 

(6.15) '^Cj^i\zj\'^ < Qi. 
So Uv can be identified with the set (|6.14|1 . The set 

1/2 

V oil- 
is a cross-section of the G-action on Zy, and the restriction to this cross-section 
of the standard symplectic form on is \/— T X^i^/ ^'^i ^ ^^i- the reduced 
symplectic form is 

(6.16) uJa = V— 1 dzj A dzj, 

in other words, the zf& with j ^ /i, are Darboux coordinates on Z/4>- 

7. Stability functions on toric varieties 

7.1. The general formula. In this section we compute the stability functions for 
the toric varieties defined above, with upstairs space and upstairs metric 
(16. ip . For z e Mst there is a unique g E exp V^lfl such that g ■ z E $^^(a), and 
by definition, if s(z) = z™ = 7r*Sm, 

7/;(z) = log (s, s) (z) ~ log (s, s) (g • z) 

^^■^^ = -kP + log \zn' + \9 ■ - log 1(5 • zr\\ 
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Moreover, If the circle group (e'^,-- - ,e*^) is contained in G, or alternatively, if 
V = (1, • • • , 1) e 0, or alternatively if Ma can be obtained by reduction from 
CP'^-i, then 

|zp = ^a.(t.)|z,P = (<i>(z),t.), 

thus 

(7.2) \g-zf = mg-z),v)^{a,v), 
and (|7.ip simplifies to 

(7.3) ij(z) = -\zf + log + a{v) - log |(g • z)™|2. 

Given a weight f3 G let x/j : Gc C be the character of Gc associated to /3. 
Restricted to exp(-\/— Ig), X/3 is the map 

(7.4) x/3(expia =e-'3«). 
Now note that by ([7^ . 

^(z) = -\zf + a{v) + log Iz-I^ - log(n Xo.(5)'™')k™l' 
= -\z\'^ + a{v) - log]^Xa.(g)2™.■ 
But z'" = 7r*s,„ for Sm G Thoii^a) if and only if m is in Aq, i.e. '^rriiai = a, so 
we get finally by UXaM""' = Xaig) and 

(7.5) i^{z) = ~\z\^ + a{v)-2logxo.{9). 
Recall now that the map 

$-!(«) xexp(v^0)^Cf, 

is bijective, so the inverse of this map followed by projection onto exp(\/— Ig) gives 
us a map 

(7.6) exp(y^0), 
and by the computation above we've proved 

Theorem 7.1. The stability function for Ma, viewed as a GIT quotient ofC^ with 
the trivial line bundle and the flat metric 16. is 



(7.7) V(2) = + a{v) - 2(log7*Xa)(^). 

For example for CP""i itself with Cl\ = C" - {0} and a = 1, j{z) = \z\ and 
hence 

(7.8) V(^) = -kP + l + logl^r 
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The formula ()7.7|) is valid modulo the assumption that Ma can be obtained by 
reduction from CP"^^^, i.e. modulo the assumption (|7.2p . Dropping this assumption 
we have to replace (|7.7I) by the slightly more complicated formula 

(7.9) ^{z) = + \i{z)-^z\'' - 2(log7*Xa)(z). 

7.2. Stability function on canonical afRnes. We can make the formula (|7.7p 
more explicit by restricting to the canonical affines, lAu^ of i j6.3l For any vertex v 
of A it is easy to see that 

where 

(7.10) Ci^ ={zeC^ \I,D Iv} 

is an open subset of Cf^ . By relabelling we may assume — {1, 2 • • • ,n}. Since 
the relabelling makes ai, • • • , a„ G g* into a lattice basis of Zq, cifc = '^k,i<Xi for 
k > n, where Ck,i are integers. Let /i, • • • , /„ be the dual basis of the group lattice, 
Zg, then the map 

(7.11) C" Gc, {wi,- ■ ■ ,w„) 1-^ wifi -\ \-w,Jn mod Zg 

gives one an isomorphism of Gc with the complex torus (C*)" and in terms of this 
isomorphism the Gc-action on is given by 

Cn n 
WiZi,--- ,WnZn,{Y\_Wi"*^'")Zn+l, - ■ ■ , ( '''' )2:d 
1=1 1=1 

Now suppose z e . Then the system of equations obtained from (|6.14p and 

d n 
fc=n+l j = l 

has a unique solution, g — {ri{z), ■ ■ ■ ,r„(z)) e (M+)" = exp (V—lg), i.e., the g in 
(|7.1[) is (ri, • • • ,)"„). Via the identification (|7.10p the weight a E corresponds 
by (TTTTIl to the weight (ai, • • • , a„) G and by ([731) and 

(7.12) Vlci„ - -|zp + a(w) -2^a,logr,(z) 

i 

in the projective case and 

n 

(7.13) V^lc.^ = -\z\^ + E'-'l^^l' + E Kll^."'")^''!' - 2E«^log^- 

■i fc>n 2— 1 i 

in general. 
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7.3. Example: The stability function on the Hirzebruch surfaces. As an 

example, let's compute the stability function for Hirzebruch surfaces. Recall that 
the Hirzebruch surface Hn is the toric 4-manifold whose moment polytope is the 
polygon with vertices (0, 0), (0, 1), (1, 1), [n + l, 0). By the Delzant construction, we 
see that Hn is in fact the toric manifold obtained from the T^-action on C'', 

(e*^\ e'^= ) • z = (e'^^ zi , e*^= Z2 , e'*'^ -"''^ Z3 , e'**^ ) . 

By the procedure above, we find the stability function 

■0(2) = -\z\^ - ai logri - 02 logr2 + ai + a2 - nrf"rl\z3\'^ , 

where ri , r2 are the solution to the system of equations 

rl\z,\^ + rrrl\z,\' = a,, 

rl\z,\^-nrrrl\z,\^ + rl\z,\^^a2. 

8. Applications of stability theory to toric varieties 

8.1. Universal rescaled law on toric varieties. In this section we suppose 
(3 e is rational, and N is large with N P G Z''. One of the main results in |STZ] 
is the following universal rescaled law for the probability distribution function ()5.7p 
on toric varieties with respect to any Bergman toral metric, 



(8.1) i^r"^...M^T''i) = 

N~*OD TT TT Ci(n/2+l) 

By measure tl 
§4.1 of [STZ]) 



\n/2- 

By measure theoretic arguments, they deduce this from moment estimates, (c.f. 



(8.2) / x^dvN^-—p^, iV->oo, 

where I is any positive integer, z/^v is the push- forward measure 



VN 



TT 



with (j)Nf3 = SNfs/WsNfsW and the puUback of the Fubini-Study form via a projective 
embedding. By a simple computation it is easy to see that 

(8.3) jxUvN{x)=(^j ' j ' m„(/, 0^/3,1^). 

Instead of considering the puUback of the Fubini-Study measure we will consider 
another natural measure on toric varieties: the quotient measure induced by the 
upstairs flat metric. The upstairs analogue of l|8.ip for toric varieties is rather easy 
to prove: 
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Lemma 8.1. For any I, the l*^ moments 

(8.4) i^-j (AT^oo). 

Proof. See |GuW| . or by direct computation. □ 
Thus we can apply propositionlHUlto derive ([g?^ from ((Ki)) . By ((5?5)) and (|4.1ip . 



Thus 

Vtt/ \\sNt3\\ n\ /"/^ 

as ^ cx) for aU I. This together with the measure theoretic arguments aUuded 
to above imphes the distribution law (|8.ip for the special volume form V^a on Ma 
associated to the metric (|6.ip . 

Remark 8.2. Here we only consider the case when (3 is an interior point of the 
Delzant polytope, which corresponds to the case r = in [STZj . However, one can 
modify the arguments above slightly to show the same result for general r and NP 
replaced by Nf3 + o(l). 

8.2. Spectral properties of toric varieties. As we have seen, the stability the- 
ory derived in §l-§5 is particularly useful for toric varieties Ma, since the upstairs 
space is the complex space, C^, the Lie group G is abelian, its action on is 
linear, and the G-invariant sections of L are just linear combinations of monomials. 
As a consequence, the expressions (jl.lll) . (jl.lSp . (I1.20p etc. are relatively easy to 
compute. 

For example, consider the density of states 
where {sN,i\ is an orthonormal basis of r^o/(L^), then by proposition 15.31 

/ J^J■N ~ — / — TTTX V(7r SAr,j,7r SN,r)tJ- 

The right hand side has a very simple asymptotic expansion in terms of Stirling 
numbers of the first kind (See |GuW| . [Wan] ) and from this and the results of Sj57 
one gets an alternative proof of theorem 1.1 of |BGU| : 

Theorem 8.3. There exists differential operators Pi(x,D) of order 2i such that 

f^Nif) - ^''"""^ J P^{X, D)f{x)dx, iV ^ OO. 
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In this way the coefficients of the downstairs density of states asymptotics can be 
computed exphcitly by the coefficients of the asymptotic expansion of the invariant 
upstairs density of states asymptotics - the relation of the leading terms is given in 
theorem 15.51 and the other coefficients depend on the asymptotics of the Laplace 
integral (|4.4p together with the value of the stability function near $~^(0). Similarly 
theorem 1.2 of jBGUj can be derived from the results of ji5.2l and upstairs analogues 
of these results in [GuW| . 

8.3. General toric Kahler metrics on the open stratum of a toric variety. 

In this section we will briefly indicate how the results of §8.1 and §8.2 can be 
extended to a much larger class of metrics on the toric variety above. We will 
confine ourselves, however, to describing these results on the open i^c stratum 
of the toric variety and we hope to deal elsewhere with the implicit boundary 
conditions needed to describe those metrics on the open Kc which would extend 
across the lower dimensional strata in the toric variety. In the GIT description of 
the toric variety above, 

M = (C'^).t/Gc, 

the open stratum is the image in Cfj/Gc of the complex torus (C*)'^. Now let u; 
be any ii'-invariant Kahler form on (C*)''. Then if the action of K on (C*)'' is 
Hamiltonian, there exists a X-invariant potential function, say F, for w, i.e., 

(8.5) Lo = 2^/^ddF, 
and via the identification 

F satisfies, by _R'-invariance, 

Fix + V^y) ^ Fix), 

and by the Kahler condition, F is strictly convex as a function of x. Moreover, the 
moment map associated with the action of K on /2TTy/—lZ'^ is just the Legendre 
transform, (For proofs of these assertions, see |Gui94a| . §4.) Thus if L is as in 
(|6.3p the dual L : — > g* of the inclusion of g into t, the moment map associated 
with the action of G on C'^/27rV^Z'^ is L o |f . 

Let's now consider, as in (|6.ip . the trivial line bundle L = C' x C over and 
lets G act on this bundle by acting on C by the weight a G TLq. Let us replace, 
however, the Hermitian inner product in (|6.ip by the inner product 

(8.6) (l,l)=e-2^. 
Then for fc G with L(fc) = a, and z = e^+^^y, 
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Recall now that (§7) ^ is also a Legendre transform, i.e., 

dF , , dG , , 

where 

(8.7) G{t) ^x-t- F{x). 



Thus 



r)F FIG r)G 

ii^r'r exp 2{k-x- F{x)) = exp 2(fc ~ - t ~ + G(t)) 



and its restriction to L ^(a) with ii|L-i(Q) — is 

dC 



3G 

(8.9) pk = exp 2(^(^,(fc) - (4, . . . , ^rf) + G(4, ■ • ■ , td))- 



In particular, the function 

(8.10) <t>*^ogpk 

is a potential function for the reduced Kahler metric on the image of (C*)'' in 
Cfj/Gc- Notice in particular that for the flat Kahler metric on C*, F(x) := Fq{x) = 



e^i + . . . + ||a = e"^% ^ = Logt,;, and 



Go(ti, ...,td) = ^x,e"^' - F{x) = ^t,'LogU - t,, 

so that 

(8.11) ^Logpfe = ^(£,(fc)-£,)Log^,+^,Log£,-^, =^£,(fc)Log4-4 

(compare with equations (|6.9p through (|6.1ip V The discrepancy of is accounted 
for by the presence of the "2" in (|8.5p . 

We now note that the stability function on 'U^ j 2tx \J —Xl/ associated with the 
Kahler form is 

F(x) - (tt* o 0>fe)(a; + V^J/), 

or, by (Ell), 

(8.12) F(x)-^*pk{l-\x)) 

and that given this expansion for the potential function one can generalize the 
results of §8.1 - §8.2 on probability distribution functions and spectral measures to 
these more general reduced Kahler metrics by means of the techniques described in 
§5. 

In the discussion above we have confined ourselves to reduced metrics on the 
open stratum in Cfj/Gc. We note in passing, however, that if we add small K- 
invariant perturbations P to the euclidean Fq above, such that the support of P is 
compact in (C*)'', then Fo +P gives rise to a reduced metric on all of C^^/Gc 
for which the results of §6 and §7 above are true, by the same arguments, using the 
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calculations above. We will discuss elsewhere the boundary assumptions necessary 
on more general F in order for these results to extend to the whole of Cf^/Gc- 

As noted already towards the end of the introduction to this paper, asymptotic 
results as in §6-8 for broad classes of toric Kahler metrics on Cf^/Gc have been 
discussed (explicitly) in [STZj and (implicitly) in [SoZj . 

9. Martin's construction 

The non-abelian generalizations of toric varieties are "spherical" varieties, and 
the simplest examples of these are coadjoint orbits and varieties obtained from 
coadjoint orbits by symplectic cuts. In the remainder of this paper we apply sta- 
bility theory to the coadjoint orbits of the unitary group U{n). It is well known 
that the coadjoint orbits of U{n) can be identified with the sets of isospectral 
Hermitian matrices 7i(A) C ^{{n), i.e., Hermitian matrices with fixed eigenvalues 
Ai > A2 > • • • > A„. For Ai • • • = A„_i > A„, n{X) is CP""^ which is a toric 
manifold. Thus the first non-toric case is given by Ai = • ■ ■ = A/j > Xk+i = • • ■ = A„, 
1 < A: < n — 1, in which case 7Y(A) is the complex Grassmannian Gr(fc,C"). 

9.1. GIT for Grassmannians. Suppose fc < n. It is well known that the complex 
Grassmannian Gr{k, C") can be realized as the quotient space of C'^" by symplectic 
reduction or as a GIT quotient as follows: 

Let M = 9Jtfe_„(C) ~ C'^" be the space of complex kxn matrices. We equip C*^" 
with its standard Kahler metric, the standard trivial line bundle C x C''" — > C*^", 
and the standard Hermitian inner product on this line bundle, 

(9.1) (l,l)(Z) = e-T^^^*. 

Now let G =U{k) act on 3Jtfc^„ by left multiplication. This action preserves the 
inner product (|9.1[) . and thus preserves the Kahler form -\/— l99Tr ZZ* . It is not 
hard to see that it is a Hamiltonian action with moment map 

(9.2) $:OTfc,„^7^fc, Z^ZZ*, 

where TLk is the space oi k x k Hermitian matrices. Here we identify Tik with 
V^T-Lk = Lie(U{k)), and identify Hk with Lie{U{k))* = HI via the Killing form. 
Notice that the identity matrix / lies in the annihilator of the commutator ideal, 

[Uk^nk]" ^{a^ni I ([/ii,/i2],a) =0 for all /ii,/i2eHfc}, 

so $ — / is also a moment map, and it's clear that the reduced space 

is the Grassmannian Gr(fc,C"). 

On the other hand, the complexification of U{k) is GL{k,€.), and it's not hard 
to see that the set of stable points, Mst, is exactly the set of A: x n matrices A ^ M 
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which have rank k, and that the quotient Mst/GL{k,C) is again Gr{k,C^) . This 
gives us the GIT description of Gr{k,C"'). 

As for the reduced Une bundle, L^ed, on M^ed, this is obtained from the trivial 
line bundle on Mst by "shifting" the action of GL{k,C) on the trivial line bundle 
in conformity with the shifting, "$ ^ <E> — /" , of the moment map, i.e. by letting 
GL{k,C) act on this bundle by the character 

7 : GL{k,C) C*,j{A) = det{A). 

9.2. Martin's reduction procedure. For general coadjoint orbit o{U{n), Shaun 
Martin showed that there is an analogous GIT description. Since he never published 
this result, we will roughly outline his argument here, focusing for simplicity on the 
case Ai > • • • > A„. 
Let 

M = aJti,2(C) X $m2,3(C) X • • • X 9Jt„_i,„(C). 

Then each component of M is a linear symplectic space, and M is just the linear 
symplectic space c^n-i)n{n+i)/3 ^j^j^ standard Kahler form lj = —\/^dd\ogp, 
where p is the potential function 

n-l 

p(Z) = exp(-^TrZiZ*). 

i=l 

Consider the group 

G=U{1) xU{2) x---xU{n-l) 
acting on M by the recipe: 

(9.3) r([/i,... ,C/„_i)(^l, • • • , Zn-l) = iUlZiU2,- ■ ■ ,Un-2Zn-2U*_i,Un-lZn-l)- 

Lemma 9.1. The action above is Hamiltonian with moment map 

(9.4) $(Zi, • • • , Z„_i) = {Z,Z*,Z2Z; - Z*Z„ • • • , Z^_,Z*_^ - Z*_2Z^_2). 

Proof. Given any H = {Hi, • • • , ff„_i) G Tii x ■ ■ ■ x denote by UH{t) the 

one parameter subgroup of G generated by H, i.e., 

UH{t)Z = (exp {^/^tHl)Zl exp {-^/^tH2), ■■■ , 

exp {y/^tHn-2)Zn-2 exp (-\/^fF„_i), exp {\/^tHn-l)Zn-l) . 

Let Vh be the infinitesimal generator of this group, then 
Since 

ty^dZi = ^(exp {y/^tHi)Zi exp {-V^tHi+i)) = V^{HiZi - ZiHi+i), 
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we see that 

L,„{V^d\ogp) = J2t^v{H,Z,Z: - H,+iZ*Z,) = mZ),H). 
This shows that (|9.4[) is a moment map of r. □ 
Given a — (ai, • • • , a„) e M" , let 

(f>^\al) = $"^(ai/i,- • • ,a„_i/„_i), 

and let 

Ma = ^-\aI)/G 

be the reduced space at level (ai/i, • • • , a„_i/„_i) e [g, 0]°. Consider the residual 
action of GL{n,C) on M, 

(9.5) K:GL{n,C)xM^M, kaZ = {Z^ ■ ■ ■ , Zn-2, Zn-iA-^). 

Then the actions k and t commute, and by the same argument as above we see 
that K\u(^n) is a Hamiltonian action with a moment map 

(9.6) ^-.M^Hn, *(^) - ^:-l^n-l + fln/n- 

We thus get a Hamiltonian action of U (n) on the reduced space Ma with moment 
map ^a '■ Ma Tin, which satisfies o i = 'J'^ o ttq, where, as usual, i : $~^(aJ) ^ 
M is the inclusion map and ttq : $~^(a/) ^ the projection. 

Theorem 9.2 (' [Mar] ). is a U{n)-equivariant symplectomorphism of Ma onto 
Ti{X), with Xi = I]j=i "i- 

Proof. First we prove that "if a maps Mo onto the isospectral set ?i{X). In view of the 
relation ^foi = 'ifa°T^o, we only need to show Image(\E') = 7i(A). In fact, if ZiZ* has 
eigenvalues (fii, • • • , /i^), then the eigenvalues of ZiZ* are exactly {fii, • • • , /ii, 0), 
so it is straightforward to see that Z2Z2 = Z\Z\ + 02/2 has eigenvalues oi + 02, 02, 
and in general ZiZ* has eigenvalues oi + • • • + a^, 02 + • • • + a^, • • • , a^. This proves 
that a maps Ma into Ti-iX), and since G acts transitively on 7i(A), this map is 
onto. 

Next note that by dimension-counting dimMa = dim7i(A), so V&a is a finite-to- 
one covering. Since the adjoint orbits of U (n) are simply-connected, we conclude 
that this map is also injective, and thus a diffeomorphism. 

Since is a moment map, it is a Poisson mapping between Ma and Ti.{n), i.e., 

{/ O 'Ha, g O ■Ha}M^ = {/, 9}n(\) ° *a 

for any f,gE C°° {H{X)) . Thus "ifa is a symplectomorphism between A/a and 7i(A). 
Finally the Z^(n)-equivariance comes from the fact that 

*(;7 • z) - {u-^y z*^_^z„^iU-^ + a„/„ = c/(z:_iZ„_i + a„/„)c/-i = {/ • *(Z). 

This completes the proof. □ 
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The GIT description of this reduction procedure is now clear: 
if and only if Zi is of rank i for all i, and 

Ma = Mst/Gc 

with Gc the product 

Gc = 0^(1, C) X • • • X GL{n - 1, C). 

9.3. Twisted line bundles over coadjoint orbits. As in the toric case, 

reduction at level of the moment map (j9.2p is not very interesting, since the 
reduced line bundle is the trivial line bundle. To get the Grassmannian, we shifted 
the moment map by the identity matrix. Equivalently, we "twisted" the action of 
GL{k,C) on the trivial line bundle C x C'^" by a character of GL{k,C). It is to 
this shifted moment map/twisted action that we applied the reduction procedure 
to obtain a reduced line bundle on Gr{k, C"). 

Similarly, for Z/^(n)-coadjoint orbits we will twist the Gc action on the trivial line 
bundle over M by characters of Gc. Every character of Gc is of the form 

(9.7) 

where 7fe(A) = det{Ak) for A = (^i, • • • , Let 

Then tt^ intertwines the action of Gc on M with the standard left action of U(}i) 
on 97lfc,„, and intertwines the action k of U(n) on M with the standard right action 
oiUin) on OJl^^n. Let be the holomorphic line bundle on S[)Tfe^„ associated with 
the character 

(9.8) 7fe : GL(/c,C) ^ C*, A det(A). 

Then the bundle Tr^Lfc is the holomorphic line bundle on M associated with 7^ and 

n-l 

(9.9) L := (g)(7r*Lfe)'"'^ 

k=\ 

is the holomorphic line bundle associated with the character 7. In particular if Sfc 
is a GL(k, C)-invariant holomorphic section of L^^, then 

(9.10) (7ri*si)'"^...«_is„_i)'""- 

is a Gc-invariant holomorphic section of L, and all Gc-invariant holomorphic sec- 
tions of L are linear combinations of these sections. Since the representation of 
GL[n, C) on the space Thoi{^k) is its fc-th elementary representation we conclude 
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Theorem 9.3. The representation of GL(n, C) on the space r/io;(]L) is the irre- 
ducible representation with highest weight '^"^i rniat, where ai, ■ ■ ■ , a^-i o-fe the 
simple roots of GL{n,C). 

For the canonical trivializing section of L its Hermitian inner product with itself 

is 

n-l 

Y[ det(Z,Z,+i • • • • • • Z*)-™' 

and hence the potential function for the L-twistcd Kahler structure on M is 

n-l 

(9.11) PL = ^ Tr Z,Z* - m, logdet(Z, • • • • • • Z*) 

i=l 

and the corresponding L-twisted moment map is 

(9.12) ^hiZi, ■ ■ ■ = (ZiZl - TOi/i, • • • ,Z„_i2'*_i - m„_i/„_i). 

10. Stability theory for coadjoint orbits 

10.1. The stability function on the Grassmannians Gr(fc,C"). To compute 
this stability function, we first look for the G-invariant sections of the twisted line 
bundle. For any index set 

J^{ji,--- ,jk} C {1,2,--- ,71} 

denote by Zj = Zj-^ ... the k x k sub-matrix consisting of the Ji, • • • ,jk columns 
of Z. 

Lemma 10.1. The functions sj{Z) = det(Zj) are G-invariant sections of the 
trivial line bundle on dJlk.n for the twisted G-action. 

Proof. Let H be any n x n Hermitian matrix, and vh the generator of the one- 
parameter subgroup generated by H. Then by Kostant's identity ()2.7|1 one only 
needs to show 



i,^dlog{sj,sj) = -V^Tv{{ZZ* -I)H). 
This follows from direct computation: 

t,„d\og{sj,sj) = L„^d{-Ti-ZZ* + \ogdet{ZjZj)) 

= - TT((L,^dZ)Z*) + Ly^dTilogiZjZ}) 
= - TT{{i.,„dZ)Z*) + Triii,, dZj)Z*j{Z*j)-'Zj') 
= -V^Tt{H{ZZ* - /)), 
completing the proof. □ 
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Now we are ready to compute the stability function for the Grassmannians. 
Without loss of generality, we suppose {ji, ■ ■ ■ ,jk} — {1, • • • ,k}. For any rank k 
matrix Z E Mgt, let B E GL{k,C) be a nonsingular matrix with BZ E "I>^^(/). 
Thus the stability function at point Z is 

^(Z) = log (l det(Zi,.. ,fe)pe- zz' ^ _ (| det((i3Z)i,.. ,k)\'e- 

= /c - Tr(ZZ*) - log I dot Bp 

Since B* B = (Z*)-^ Z-\ we conclude 

(10.1) tpiZ) = k- Tt{ZZ*) + logdet(ZZ*). 

Similarly, if we do reduction at ml instead of /, or alternately, use the moment 
map $ — ml, then the invariant sections are given by sj{Z) = det(Zj)™, and the 
stability function is 

ipiZ) km - Tt{ZZ* ) + m"^ log det{ZZ*). 

10.2. The stability functions on Z//(n)-coadjoint orbits. These stability func- 
tions are computed in more or less the same way as above. By the same arguments 
as in the proof of lemma 110.11 one can see that 

(10.2) s(Zi, • • • , Z„_i) = n(det(Z,)i,.. ^,)"--™-i 

is G-invariant for the moment map $ — (mi/i, • • • ,to„_i/„_i). 

Now suppose {Zi, • • • , Z„_i) E Mst, then there are Bi E GL{i, C) such that 

(10.3) BiZiZlBl = TOiJi 
and 

(10.4) B,Z,Z*B* = Z*_,B*_,B,^iZ.,^i + mj,, 2<i<n-l. 
^From (|10.3p we have 

det{B.,Bl) ^ mi det(ZiZi*)~\ 
and from this and (|10.4p we conclude 

det{B,Z,Z*B*) = det(m,/, + B,^iZ,^iZ*_,B*_,) 

= det((TOi + TOi_i)/i_i + Bi^2Zi-2Z*_2B*_2) 

= mi + • • • + mi. 

So we get for all i, 

det{B,B*) = {mi + --- + mi) dct{ZiZ*)-\ 
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Now it is easy to compute 
^{Z) = log (e- J] I det{Z,),,.. _,|2-.-2m.-.) 

- log (e- n I det(SiZi)i,... .|2-i-2m.-i^ 
= ^ irrii - ^ Tr(ZiZ*) - ^(mi - mj_i) log \ det 5^1^ 
= ^ irrii -^Tv{ZiZ*) + ^(rrii - mi_i)(mi + • • • + m^) logdet(ZiZ*). 

Remark 10.2. Although we only carry out the computations for generic U{n)- 
coadjoint orbits, i.e., for the isospectral sets with Ai < • • • < An, the same argument 
apply to all Z^(n)-coadjoint orbits. In fact, for the isospectral set with Ai < • • • < A^ 
whose multiplicities are ii, • • • ,ir, we can take the upstairs space to be 

^iix(ii+i2) ^ -^(ii+j2)x(ii+i2+i3) ^ ^(n-ir)xn 

and obtain results for these degenerate coadjoint orbits completely analogous to 
those above. 

11. Stability functions on quiver varieties 

It turns out that the results above can be generalized to a much larger class of 
manifolds: quiver varieties. We will give a brief account of this below. 

11.1. Quiver Varieties. Let's first recall some notations from quiver algebra the- 
ory. A quiver Q is an oriented graph {I,E), where I = {1,2, ••• ,n} is the set 
of vertices, and E C I x I the set of edges. A representation, V, of a quiver as- 
signs a Hermitian vector space Vi to each vertex i of the quiver and a linear map 
Zij e Hom(Vi,Vj) to each edge G E. The dimension vector of the quiver 
representation V is the vector I = {h, - ■ ■ , where k = dimy^. Thus the space 
of representations of Q with underlying vector spaces V fixed is the complex space 

(11.1) M = Hom(y):= Rom{Vi,Vj). 

We equip M with its standard symplectic form and consider the unitary group 
U{V) = U{Vi) X • • • X U{Vn) acting on M by 

(11.2) (ui,- • • ,u„) • {Zij) = {ujZijU^^). 

The isomorphism classes of representations of Q of dimension I is in bijection with 
the G'L(V")-orbits on Hom(V"). Geometrically this quotient space can have bad 
singularities, and to avoid this problem, one replaces this quotient by its GIT 
quotient, or equivalently, the Kahler quotient of Ilom(V') by the [/(y)-action. These 
quotients are what one calls quiver varieties. 
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Proposition 11.1. The action 1111.2]} is Hamiltonian with moment map ji : Hom{V) 
S*, 

(11.3) 

\0-,i)e-E (ij)eB {j,n)eE {n,j)eE 

The proof involves the same computation as in lemma WA\ so we will omit it. 

Notice that by (|11.2p the circle group {(e*^/;^,- • • ,e**/;„)} act trivially on M, 
so we get an induced action of the quotient group G ~ U{V)/S^. The Lie algebra 
of G is given by 

{{Hi,-- - ,Hn) \ H, Hermitian , ^ Tr H, = 0} 
and this G-action also has fi as its moment map. Letting (Ai, • • • , A„) G M" with 

llXl + • • • + ln\i ~ 0, 

and supposing that the G-action is free on ^^^{XI), the quiver variety associated 
to A is by definition the quotient 

Rx{l)^fi-\XI)/G, 

where XI = (Ai/ij, • • • , A„/i„). 

We can also modify the definition of quiver varieties to get an effective U{V)- 
action. Namely, we attach to Q another collection of Hermitian vector spaces (the 
"frame"), V — {Vi, • • • , Vn), with dimension vector I = (li, • • • , In), and redefine 
the space M to be 

Rom{V,V):^ Rom{V„Vj) ® ^llom{V^,V,). 

{i.j)eE iei 

The group U{V) acts on Hom(F, V") by 

(ui, • • • ,u„) • {Zij,Yi) = {ujZijU~'^,YiU~^). 

As above the J7(V^)-action is Hamiltonian, and the A;*'' component of its moment 
map is 

(^(Zy,r,))^ ZjkZ*k- XI ^IjZkj - ykYk- 

U,k)eE {k.j)eE 

Now the center acts nontrivially on Hom(V, V) providing that the "frames" Vi 
are not all zero, and we define the framed quiver variety Rx{l, I) to be the Kahler 
quotient of Hom(y, V) by the C/(F)-action above at the level A = (Ai/jj , • • • , Xnli„)- 
As examples, the Grassmannian and the coadjoint orbit of U(n) that we considered 
in the previous section are just the framed quiver varieties whose underlying quivers 
are depicted below: 
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11.2. Stability functions. As in §10 we equip M with the trivial line bundle and, 
for actions oiU{V) associated with characters J|(det Ai)"^', describe the invariant 
sections. 

Proposition 11.2. For fixed A e Z", the sections 

(11.4) s{Z,j)= n det((Z,,)j)''-- 

are invariant sections with respect to the moment map /i — A/, where Vij are integers 
satisfying 

(11.5) ^i/ji - ^z^y = A^. 

j 3 

The proof is essentially the same proof as that of Lemma 110.11 
^From now on we will require that the quiver, Q, be noncyclic, otherwise there 
will be infinitely many G-invariant sections. (Moreover, in the cyclic case the quiver 
variety is not compact.) For a general quiver variety whose underlying quiver is 
noncyclic, we can, in principle, compute the stability function, using the G-invariant 
sections above, as we did for toric varieties in §7; but in practice the computation 
can be quite complicated. 

However, in the special case that the quiver is a star quiver, i.e., is of the following 
shape: 

• • • • • 

^/^^^•^ • • • • • 

^^^^^\»-< • . . . • 

one can write down the stability functions fairly explicitly: on each "arm" , we just 
apply the same technique we used for the coadjoint orbits oiUiji). 

As an example, we'll compute the stability function for polygon space. This is 
by definition a quiver variety whose underlying quiver is the oriented graph 
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and for which the Vi's satisfy dimV^i = 1 for 1 < z < to and dimFm+i = 2. Thus 

(11.6) Eom{V) = Hom(C, C^) = (C^)™ 
and 

(11.7) G = (5^)" X U{2)/S^ ~ {S^r X SO{3). 
The moment map for this data is 

(11.8) (Zi,-- - ,Z™) ^ (-|Zi|2,-- - ,-\Z^\'',ZiZl + --- + ZmZ*J, 

where = (xj, y^) € C^. 

Now consider the quiver variety /x~^(A/)/G, with A = (Ai, • • • , A„j, A„j+i) satis- 
fying 

Ai + • • • + A„i + 2Am+i = 

and Ai < for 1 < i < m. Let's explain why this variety is caUed "polygon space". 
The (5'^)™-action on (C^)™ is the standard action, so reducing at level (Ai, • • • , Am) 
gives us a product of spheres S'^^_^ x • • • x S'^j^ of radii — Ai, • • • , — A,„. So we can 
think of an element of S'^^^_^ x • • • x S'^^ as a polygon path in R"^ whose z"* edge 
is a vector of length — A^ in S^^ . The S'0(3)-action on this product of spheres is 
the standard diagonal action, and the moment map sums up the points, i.e. takes 
as its value the endpoint of the polygon path. However, under the identification 
(flT7| . the Lie algebra of S0{3) gets identified with n{2)/{al2}. Thus the fact that 
the last entry of the moment map (jll.Sp equals Am+1^2 implies that this endpoint 
is the origin in the Lie algebra of S0{3). In other words, our polygon path is a 
polygon. So the quiver variety Rx{l, ■ ■ ■ ,1,2) is just the space of all polygons in 
whose sides are of length — Ai, • • • , — Am, up to rotation. 

Using the invariant section s{Z) = YiiLi ^7^' ^'^ compute the stability function 
for this space we have 

+i:(-A.)-i:(-A.).o.p^ 

= 2Am+i-|Zp + ^A.log^. 

Finally we point out that everything we have said above applies to framed quiver 
varieties, in which case the l7(y)-action is free on $^^(A/). The coadjoint orbits 
of §10 are just special cases of quiver varieties of this type. 
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APPENDIX 

In this appendix we will give a proof of Boutet de Monvel-Guillemin's theorem 
on the asymptotics of the density of states, (|1.20p , adapted to the Toeplitz operator 
setting. 

We will begin with a very brief account on the definition of Toeplitz operators. 
Let be a compact strictly pseudoconvex domain with smooth boundary dW. 
One defines the space of Hardy functions, H^, to be the L^-closure of the space of 
C°° functions on dW which can be extended to holomorphic functions on W. The 
orthogonal projection tt : ^ is called the Szego projector, and an operator 
T : C°°{dW) C°°{dW) is called a Toeplitz operator if it can be written in the 
form 

T = ttPtt 

for some pseudodifferential operator P on dW. 

Now suppose (L, (•, •)) is a Hermitian line bundle over a compact Kahler manifold 
X. Let 

D = {{x,v)eL* I vehl,\\v\\ < 1} 

be the disc bundle in the dual bundle. As observed by Grauert, D is a strictly 
pseudoconvex domain in L. The manifold we are interested in is its boundary, 

M :^dD = {{x,v) e L* I t; e L;, ||u|| = 1}, 

the unit circle bundle in the dual bundle. Let Q be the operator 

Q:H'^ H\ Qf{x, v) = ^f{x, e^%) . 

This is a first order elliptic operator in the Toeplitz sense and is a ZoU operator 
(meaning that its spectrum only consists of positive integers). Moreover, the n*'* 
eigenspace of Q coincides with r/„;(L",X). For any smooth function / G C°°(X), 
let Mf be the operator "multiplication by /". We may view rfioi{L,''\ X) as a 
subspace of H^, and denote by 

7Tn:L\L",X)^rhoi{L",X) 

the orthogonal projection. 

Theorem A. There is an asymptotic expansion 

— oo 

Tr(7r„M/7r„) ^ ak{f)n^ , n ^ oo, 

k=d-l 

where d — dim A". 
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Proof. By functorial properties of Toeplitz operators (c.f. |BoGj §13), 

Tr(e**QM/)^^afcXfeW 

where 

n>0 

On the other hand, 

Tiie'^Q Mf) = e"* Tr7r„M/7r„. 
By comparing the coefficient of e*"*, we get the theorem. □ 

Finally we point out that the coefficients Uk in the asymptotic expansion above 
are given by the noncommutative residue trace on the algebra of Toeplitz operators, 
[Gui93| . In fact, for di{z) ^ 0, theorem A gives 

— oo 
k=d-l 

Summing over ri, 

Tr(g-^Af/)~^afcC(z-fc), 

k 

where C is the classical zeta function, which implies 

ak-i = res^=fc((3~^M/), 

the noncommutative residue. 
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